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Abstract
A free-theory vacuum state of an interacting field theory, e.g. quantum gravity, is unstable at
tree level in general due to spontaneous emission of Fock-space particles in any spacetime with
no global timelike Killing vectors, such as de Sitter spacetime, in the interaction picture. As an
example, the rate of spontaneous emission of Fock-space particles is calculated in ϕ4 theory in
de Sitter spacetime. It is possible that this apparent spontaneous emission does not correspond to
any physical processes because the states are not evolved by the true Hamiltonian in the interaction
picture. Nevertheless, the constant spontaneous emission of Fock-space particles in the interaction
picture clearly demonstrates that the in- and out-vacuum states are orthogonal to each other as
emphasized by Polyakov and that the in-out perturbation theory, which presupposes some overlap
between these two vacuum states, is inadequate. Other possible implications of apparent vacuum
instability of this kind in the interaction picture are also discussed.
PACS numbers: 04.62.+v
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I. INTRODUCTION
Inflationary cosmological models [1, 2, 3, 4, 5, 6], which assume exponential expansion
of the Universe in its early stage, have become very important in modern cosmology (see
also [7]). The spacetime in the expansion stage of these models is approximately de Sitter
spacetime, which is the unique maximally symmetric solution to the Einstein equations
with a positive cosmological constant (see, e.g., [8]). Moreover, the Universe at present
may approximately be de Sitter spacetime since it appears to be undergoing accelerated
expansion [9, 10]. (See [11] for a recent review.) For these reasons quantum field theory
in de Sitter spacetime is attracting much attention recently. The cosmological constant
problem [12], the fact that the cosmological constant is much smaller than naturally expected
from the Standard Model of particle physics, is another reason for studying quantum field
theory in de Sitter spacetime.
Some authors have suggested that the vacuum states in quantum field theories, including
quantum gravity, may be unstable in de Sitter spacetime (see, e.g., [13, 14]). In particular,
Polyakov [14] has pointed out that in this spacetime the free-theory vacuum state is generally
unstable against spontaneous emission of Fock-space particles at tree level in the interaction
picture in any interacting field theory such as general relativity. (We use the phrase “Fock-
space particles” to mean the quanta created by creation operators in a Fock space. They
should not be confused with particles detected, e.g. by an Unruh-DeWitt detector [15, 16].)
In Minkowski spacetime such processes are forbidden due to energy conservation because
the vacuum state has the lowest energy. However, it is clear that the conservation laws
in de Sitter spacetime do not prevent such processes from occurring. (This conclusion
should be true in any spacetime without a global timelike Killing vector.) Several authors
have pointed out that interacting low-mass scalar fields have infrared-divergent n-point
functions [13, 14, 17]. The relation between these infrared divergences and the spontaneous
emission discussed here is not very clear since the latter occurs for interacting fields of any
mass and spin.
In this paper we first calculate the rate per unit volume of spontaneous emission of four
Fock-space particles in the interaction picture in the theory in which the conformally-coupled
massless scalar field interacts through a ϕ4 term. We also present the expression for the
emission rate for a scalar field of arbitrary mass to emphasize that this process is not entirely
an infrared effect. Then we discuss possible significance of apparent spontaneous emission
of this kind in general. We use the metric signature + − −− and natural units ~ = c = 1
throughout this paper unless otherwise stated.
II. CALCULATION OF THE SPONTANEOUS EMISSION RATE
One can cover half of de Sitter spacetime by the coordinates (u,x) with the conformally-
flat metric of the form
ds2 = (Hu)−2(du2 − dx · dx) . (1)
Here, x is a three-dimensional vector, and the conformal time u decreases from ∞ to 0
towards the future. The constantH is the Hubble constant, which gives the rate of expansion
of the space. The Lagrangian density of the conformally-coupled massless scalar field ϕ(u,x)
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interacting through the ϕ4 term is
L = √−g
[
1
2
(∇µϕ)(∇µϕ)− 1
12
Rϕ2 − λ
4!
ϕ4
]
, (2)
where g = −(Hu)−8 is the determinant of the metric tensor gµν and where the scalar
curvature is given by R = 12H2. Treating the ϕ4 term as an interaction term, we find that
the free field (or the field in the interaction picture), ϕI , satisfies(
+ 2H2
)
ϕI = 0 . (3)
As is well known, this equation can be written as the massless scalar field equation for
(Hu)−1ϕI(u,x) in (part of) Minkowski spacetime with the metric −du2 + dx · dx. Hence,
the field ϕI(u,x) can be expanded as
ϕI(u,x) =
∫
d3k
(2π)3
[
a(k)
Hu√
2k
eiku+ik·x + a†(k)
Hu√
2k
e−iku−ik·x
]
(4)
with k ≡ ‖k‖, where the annihilation and creation operators satisfy the usual commutation
relations, [
a(k1), a
†(k2)
]
= (2π)3δ3(k1 − k2) , (5)
with all other commutators vanishing. The vacuum state |0〉 is defined by requiring that
a(k)|0〉 = 0 for all k. This state is the standard vacuum state called the Euclidean (or
Bunch-Davies) vacuum [18, 19]. (This choice of vacuum is implicit in an earlier work of
Tagirov [20].)
We define the transition amplitude A(k1,k2,k3,k4) from the free-theory vacuum state
|0〉 to a 4-Fock-space-particle state,
|k1,k2,k3,k4〉 = a†(k1)a†(k2)a†(k3)a†(k4)|0〉 ,
to lowest order in λ as
A(k1,k2,k3,k4) ≡
∫
dud3x
√−g 〈k1,k2,k3,k4|HI(u,x)|0〉 , (6)
where
HI(u,x) = λ
4!
[ϕI(u,x)]
4 . (7)
We readily obtain
A(k1,k2,k3,k4) = λ
∫ ∞
0
du
e−i(k1+k2+k3+k4)u
4
√
k1k2k3k4
(2π)3δ3(k1 + k2 + k3 + k4) . (8)
It is possible to integrate over u after introducing a cutoff by letting k1 + · · · + k4 →
k1+ · · ·+k4− iǫ, where ǫ is an arbitrarily small positive number. Nevertheless, we leave this
integral as it is until we square the amplitude in order to factor out the infinite spacetime
volume from the transition probability to find the transition rate per unit volume.
First we make the change of variable u = H−1e−Ht, where t is the proper time for a
geodesic observer with x constant. Then the metric (1) takes the form
ds2 = −dt2 + e2Htdx · dx . (9)
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This form of the metric shows clearly that the space expands with Hubble constant H . The
transition probability is
P =
1
4!
∫
d3k1
(2π)3
d3k2
(2π)3
d3k3
(2π)3
d3k4
(2π)3
|A(k1,k2,k3,k4)|2
=
λ2
4!
∫
d3k1d
3k2d
3k3d
3k4
(2π)12
∫ ∞
−∞
dt1
∫ ∞
−∞
dt2
e−H(t1+t2)
16k1k2k3k4
× exp
[
i(k1 + k2 + k3 + k4)
H
(
e−Ht1 − e−Ht2)
]
(2π)3δ3(k1 + k2 + k3 + k4)Vc , (10)
where we have interpreted (2π)3δ3(0) in the momentum space as the infinite coordinate
volume Vc =
∫
d3x [21]. Changing the variables again as T = (t1+ t2)/2 and τ = t2− t1, we
find
P =
λ2
4!
∫
d3k1d
3k2d
3k3d
3k4
16(2π)9k1k2k3k4
δ3(k1 + k2 + k3 + k4)
×
∫ ∞
−∞
dT
∫ ∞
−∞
dτ e−2HT exp
[
2i(k1 + k2 + k3 + k4)
H
e−HT sinh
Hτ
2
]
Vc . (11)
It is useful to multiply this expression by δ(k1 + k2 + k3 + k4 − K) and integrate over K
from 0 to ∞ and then change the integration variables from ki to yi = K−1ki, i = 1, 2, 3, 4.
Then, using the result
∫
d3y1d
3y2d
3y3d
3y4
y1y2y3y4
δ(y1 + y2 + y3 + y4 − 1)δ3(y1 + y2 + y3 + y4) = π
3
4
, (12)
where yi ≡ ‖yi‖, i = 1, 2, 3, 4, we find
P =
λ2
3(8π)6
∫ ∞
−∞
dT
∫ ∞
0
dK K4
∫ ∞
−∞
dτ e−2HT exp
(
2iK
H
e−HT sinh
Hτ
2
)
Vc . (13)
Now, the metric given by (9) shows that at time T the proper distance ℓp between two
points x1 and x2 is related to the coordinate distance ℓc = ‖x1 − x2‖ by ℓp = eHT ℓc.
Thus, the physical wave number vector of the mode with label k at time T is e−HTk. This
fact motivates the change of variable from K = k1 + k2 + k3 + k4 to κ = (2K/H)e
−HT ,
which is roughly the typical wave number of the emitted Fock-space particles in units of the
Hubble constant H . (A similar change of variables is used in the standard calculation for
the response rate of a uniformly accelerated detector in Minkowski spacetime [22].) Then
the probability P can be written as
P =
∫ ∞
−∞
dT Γ Vce
3HT , (14)
where Vce
3HT can be interpreted as the total proper volume of the Universe at time T , and
where Γ is interpreted as the emission rate per unit volume and given by
Γ =
λ2H4
48(8π)6
∫ ∞
0
dκ κ4
∫ ∞
−∞
dη exp (iκ sinh η) . (15)
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Here we have made a further change of variable Hτ/2 = η. This integral can be evaluated
using standard integrals [23] as
Γ =
λ2H4
24(8π)6c3
∫ ∞
0
dκ κ4K0(κ) (16)
=
3λ2H4
4(16π)5c3
, (17)
where we have restored the speed of light c by dimensional analysis. (The rate Γ is indepen-
dent of ~.) Since K0(κ) ≈
√
π(2κ)−1/2e−κ for κ ≫ 1, we find that emission of modes with
wavelengths much shorter than the horizon scale, c/H , is suppressed and that the emission
is dominated by modes with wavelengths comparable to c/H .
As we stated before, the rate is nonzero for a scalar field of arbitrary mass. Let the
field be conformally coupled and have mass m. Define ν ≡ √1/4− (mc2/~H)2. Then the
emission rate per unit volume will be
Γm =
λ2H4e−4Im ν
3(16π)5c3
∫
d3y1d
3y2d
3y3d
3y4δ
3(y1 + y2 + y3 + y4)
×δ(y1 + y2 + y3 + y4 − 1) lim
ǫ→0+
∣∣∣∣∣
∫ ∞
0
dx x7/2e−ǫx
4∏
i=1
H(1)ν (yix)
∣∣∣∣∣
2
, (18)
where Im ν =
√
(mc2/~H)2 − 1/4 if mc2/~H > 1/2.
III. SUMMARY AND DISCUSSIONS
One might be tempted to conclude from the calculation in the previous section that the
vacuum state would be unstable in the ϕ4 theory in de Sitter spacetime. However, since
the states are not evolved by the true Hamiltonian in the interaction picture used in our
calculation, it is not clear whether or not the apparent spontaneous emission process in
this picture provides a good description of a physical process. Nevertheless, our calculation
clearly demonstrates that the in-vacuum state, i.e. the no-Fock-space-particle state in the
infinite past, evolves to a state with infinitely many Fock-space particles relative to the out-
vacuum state in the infinite future. Thus, the in- and out-vacuum states are orthogonal to
each other as emphasized by Polyakov [14]. This means that the in-out perturbation theory
is inadequate for the ϕ4 theory and other interacting field theories in de Sitter spacetime
since it presupposes some overlap between these vacuum states [33]. This point can be
illustrated more clearly by a free scalar field theory with a small mass term treated as a
perturbation [34].
Assuming that the spontaneous emission process in the interaction picture studied in
this paper gives a good description of a true physical process, let us consider how it would
appear to an inertial observer. Such an observer would describe her quantum field theory
using the symmetry generated by the timelike Killing vector inside her cosmological horizon
as the time translation symmetry. In this description of the field theory the energy can
be defined as the conserved quantity corresponding to this Killing vector, and the vacuum
state, distinct from the Euclidean vacuum, can be defined as the lowest energy eigenstate.
Therefore there cannot be spontaneous emission in this description. Now, the Euclidean
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vacuum is seen as a thermal bath of Gibbons-Hawking temperature H/2π in this description
of the field theory inside the cosmological horizon [18], and the Fock-space particles in this
thermal bath interact with one another. For example, there are scattering processes. The
natural conclusion, therefore, is that spontaneous emission of Fock-space particles in the
global description of the field theory is seen by an inertial observer as a process involving
some initial Fock-space particles, e.g. scattering of two Fock-space particles in the thermal
bath. This conclusion is analogous to the well-known fact that when an accelerated detector
in Minkowski spacetime absorbs a quantum, it emits a usual Minkowski particle [24]. (See,
e.g., [25] for some more examples illustrating how the inertial and accelerated observers
describe the same phenomenon differently in Minkowski spacetime.) Given that an inertial
observer does not see any spontaneous emission in de Sitter spacetime, it will be interesting
to determine whether or not she sees anything unusual in the Gibbons-Hawking thermal
bath.
It will also be interesting to determine the state to which the free-theory vacuum evolves
in these processes in the interaction picture. Since the Euclidean vacuum state is de Sitter
invariant, it cannot make a transition to a de Sitter non-invariant state in perturbation
theory. Since there are no de Sitter invariant states other than the vacuum state in the Fock
space of the free theory, it might appear that there would be a contradiction. However, it is
known that one can construct de Sitter invariant states with infinite norm which nevertheless
form a well-defined Hilbert space [26]. These states were constructed in connection with
“quantum linearization instabilities”, which lead to the requirement that all physical states
be de Sitter invariant [27, 28] (see also [29]). (For recent work on quantum linearization
instabilities of de Sitter spacetime see [30, 31, 32].) It is natural to speculate that the
free-theory vacuum state makes a transition to one of these de Sitter invariant states in an
interacting field theory.
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